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Abstract—This paper addresses the design of a path
following controller for a payload tethered to a quadro-
tor. Specifically, the goal is to design a smooth dynamic
feedback controller that forces the suspended payload to
converge and follow a large class of embedded curves.
The given curve is treated as a smooth manifold, and set
stabilization is used to find the maximal control invari-
ant manifold. The controller design guarantees that once
the aerial robot approaches the path, the payload never
leaves the path. The performance of the proposed con-
troller is verified through simulations with practical sensor
noise and parametric uncertainties. Moreover, experimental
implementation and verification of the proposed control
scheme are performed on a Quanser UAV platform in an
indoor flying arena.

Index Terms—Nonlinear controls, path following, mobile
robotics, set stabilization, underactuated system, UAV

I. INTRODUCTION

MOBILE robots, in particular unmanned aerial vehi-
cles (UAVs), are in the spotlight because of their

vast range of applications, simple mechanical design, low-
cost structure, vertical take-off and landing (VTOL) ability,
and agile dynamics [1]. In recent years, there has been an
increased demand for efficient aerial transportation of light
to the medium payload (up to a few kilograms), and a
quadrotor can be an excellent choice for such a mission due
to its compact size and relatively higher thrust generation
capability [2].

Broadly speaking, there are two approaches to attaching
a payload with a quadrotor, i.e., active and passive attach-
ment [3]. The former approach requires a gripper attached to
the body of the quadrotor that provides an additional degree
of freedom. However, it comes at the cost of loss of agility
due to an increase in inertia. The passive attachment uses a
cable attached to the quadrotor at one end and the load to the
other end. The cable suspension approach provides an agile
platform and better manoeuvrability [4], [5]; however, it brings
its challenges to the controller design because of an additional
degree of under-actuation [6].
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Fig. 1. Experimental setup and a schematic of a quadrotor with a cable-
suspended payload.

In this paper, we consider a path following problem for
the system consisting of a quadrotor attached with a cable-
suspended load, as shown in Figure 1. Given a differentiable
curve, satisfying certain assumptions, in three-dimensional
space and a quadrotor system attached with a cable-suspended
load, the goal is to design a smooth controller that forces
the payload to converge to the desired path and follow it.
Unlike a trajectory, a path is a set of points without a timing
law associated with it. In literature, a path and a trajectory
are used interchangeably. However, we underscore that a path
could be viewed as a collection of trajectories [7]. Thus,
a path following problem is more general than a trajectory
tracking problem in this sense. As observed in [8]–[11], there
exist scenarios where the trajectory tracking approach leads to
certain performance limitations, while a satisfactory solution
can be achieved through the path following approach. A
primary feature of the path following scheme is that the closed-
loop system can attain path invariance. In other words, once
the system approaches the assigned path, it never leaves the
path [7].

It is well known that the configuration space of a quadrotor
or a quadrotor attached with a cable-suspended load is a
smooth manifold [12]. In literature, approaches to the design
of a controller for non-linear systems evolving on a manifold
can be classified into coordinate free (or geometric) and
local coordinate-based methods [13]. The geometric methods
employ a hierarchical controller design framework based upon
an inner-outer loop approach, which provides singularity-free
control laws [14]–[17]. The inner loop stabilizes the system’s
attitude, whose convergence is followed by the convergence
of the outer loop, which stabilizes the position of the load.
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Although this cascade control design method leads to a simpler
design approach, the stability of the individual loops does not
automatically guarantee the convergence of the overall system,
for which the stability must be justified independently. One of
the shortcomings of most prior geometric controllers applied
to the system under consideration is that these methods are
designed to track a curve, which is parameterized by time,
i.e., a trajectory [3], [15], [17]–[19]. As demonstrated in [8],
the trajectory tracking approach has performance limitations
and fails to guarantee path invariance [5], [8]. The second
approach, i.e., the coordinate-based method using local charts,
leads to local controllers that suffer singularities, such as
gimbal lock [4], [20]. Despite this constraint, a large class
of both closed and non-closed curves can be followed without
approaching singularity [21].

In this paper, we consider a local coordinate-based ap-
proach, i.e., Euler angle representation; therefore, to no sur-
prise, our results are local [21]. However, unlike existing
approaches applied to the design of controllers for the system
with a quadrotor and a suspended load, we do not follow
a cascade (inner-outer loop) structure and instead propose a
monolithic approach. Unlike most existing work, we adopt a
monolithic design approach for the UAV system with cable-
suspended load, which guarantees path invariance for a class
of functions in the output space. This monolithic scheme
does not demand time separation between UAV rotational and
translational dynamics. Furthermore, any time-scale separation
between the payload and the UAV is not required [10]. An-
other advantage of our proposed controller is the guarantee it
provides about path invariance while the payload attains some
auxiliary user-defined constraints about position, velocity or
acceleration.

It must be emphasized that, unlike “standard” feedback
linearization approaches that linearize the system with respect
to the output variables only, our approach provides a general
linearizing transformation for a set of smooth functions in the
output space that satisfy conditions specified in (14). As an
instance, the output variables used for feedback linearization
in [3] are a special case of our proposed class of linearizing
functions.

We have made the following contributions.

1) We have designed a dynamic transverse feedback lin-
earizing controller that allows the cable-suspended load
attached to the quadrotor to follow a large class that
consists of closed and non-closed paths.

2) Unlike standard feedback linearization methods, we
demonstrate for a large class of curves that the closed
loop system exhibits a well-defined vector relative de-
gree (Theorem IV.5), and have proved that after dynamic
extension, the system is diffeomorphic to a chain of
integrators (Corollary IV.6).

3) Experimental verification of our feedback controller is
performed by implementing it on a UAV, i.e., Quanser
Qdrone (Section VI).

In [22], the authors consider a path following problem and
propose an inner-outer loop control approach. The key limita-
tion of their work is that the system can only follow straight

lines. For non-straight paths, a piece-wise approximation is
computed, and hence the controller requires switching.

A. Notation and math preliminaries
The n-dimensional Euclidean space is represented by Rn

and each of its elements is an ordered n-tuple (x1, . . . , xn).
Column vectors are denoted by x = col(x1, . . . , xn), for x ∈
Rn. An i-dimensional column vector consisting of all zeros
is denoted by 0i. For a linear transformation A ∈ Rm×n,
A⊤ ∈ Rn×m represents its transpose. For Euclidean space,
the inner product and norm are represented by ⟨·, ·⟩ and ∥ · ∥,
respectively. For a set A ⊂ Rn and point p ∈ Rn, the point-
to-set distance is given by ∥x∥A := infq∈A ∥p− q∥. The cross
product between two vectors in R3 is represented by ×. The
composition of two maps, h : A → B and s : B → C,
is represented by s ◦ h : A → C. A curve σ : D → Rn
is a parameterized curve such that its domain is D = R if
it is non-closed. However, for a parameterized curve σ that is
closed with period T , σ(λ+T ) = σ(λ) and its domain is D =
RmodT . The derivative of the curve σ with respect to the path
parameter λ is denoted by σ′. For a continuously differentiable
function f : Rn → Rm and p ∈ Rn, its derivative f at p is
expressed by dfp := ∂f

∂x

∣∣∣
x=p

. For smooth maps f, g : Rn →
Rn and a smooth map λ : Rn → R, the iterative Lie derivatives
are defined as L0

gλ := λ, Lkgλ := Lg(L
k−1
g λ), LgLfλ :=

Lg(Lfλ). Consider a smooth vector field f : Rn → Rn and
the solution curve x : R → Rn to the initial value problem
ẋ(t) = f(x(t)), x(0) = x0. Then the flow of the smooth
vector field f is given by ϕ(x0, t) = x(t).

II. DYNAMIC MODEL

In this article, we consider a quadrotor and a payload, which
is attached to the center of gravity of the quadrotor by a cable.
We made the following assumption.

Assumption 1. The cable has zero mass and is non-
stretchable. The mass of the payload, which is assumed to be a
point-mass, is less than the payload capacity of the quadrotor.
Furthermore, the tension in the cable is assumed to be positive
for all time 1.

Let I := {e1, e2, e3} be the fixed inertial frame and B :=
{b1, b2, b3} be the body frame attached to the center of mass
of the quadrotor. Let xq(t) ∈ R3 and xℓ(t) ∈ R3 represent the
position of the quadrotor and payload, respectively. Similarly,
vq(t) ∈ R3 and vℓ(t) ∈ R3 be the velocity of the quadrotor
and the payload, respectively. Let mq ∈ R and mℓ ∈ R and
be the mass of the quadrotor and payload, respectively, and
g ∈ R be the acceleration due to gravity. Let b3 = col(0, 0, 1)
be the unit vector in z direction. The non-zero total thrust of
the quadrotor is represented by the scalar ut(t). Let ρ(t) ∈ S2
be the unit vector from the quadrotor to the load. Let L ∈ R
and T > 0 ∈ R be the length of the cable and its tension,
respectively. The position of the quadrotor and the position of
the load are related by

xq(t) = xℓ(t)− Lρ(t). (1)

1For a model that allows non-negative tension in the cable, hybrid con-
trol techniques can be used to design a controller, for details see [23].

2



Let Ω(t) := col(Ω1(t),Ω2(t),Ω3(t)) ∈ R3 be the body
rates of the quadrotor, J := diag(Jx, Jy, Jz) ∈ R3×3 be
the inertia of the quadrotor with respect to the three axes
of B. Similarly, we define the total input torque by τ(t) :=
col(τ1(t), τ2(t), τ3(t)) ∈ R3, which along with the thrust ut(t)
constitute the four inputs of the system under consideration.
We assume that the orientation R(t) ∈ SO(3) of the quadrotor
is represented locally by three Euler angles, i.e., roll-pitch-
yaw Φ(t) := col(ϕ(t), θ(t), ψ(t)) ∈ R3. The dynamics of
the quadrotor with a cable-suspended load [12], [23], can be
locally represented2 as

ẋℓ = vℓ

v̇ℓ = − T

mℓL
(xℓ − xq)− gb3

ẋq = vq

v̇q =
ut
mq

Rb3 − gb3 +
T

mqL
(xℓ − xq)

Φ̇ =MΩ

Ω̇ = J−1 (τ − (Ω× JΩ)) ,

(2)

where M and R matrices are defined in terms of Euler
angles (for details, see [24]). Note that the state vector for
the above-mentioned system is col(xℓ, vℓ, xq, vq,Φ,Ω) :=
x := col(x1, · · · , x18) ∈ R18, and the input vector is
col(τ1, τ2, τ3, ut) ∈ R4. The output of system (2) is the
position of the point-mass and is given by

y = h(x) = xℓ, (3)

where h : R18 → R3 is a smooth map.

III. PROBLEM STATEMENT

As mentioned previously, the path following and trajectory
following problems are not identical. Specifically, a trajectory
is a time-parameterized curve, while a path consists of a set of
points in the output space without any time specification. In
this section, we formally define the path following problem for
a payload suspended to a quadrotor. The objective is to force
the payload to approach an assigned path and then maintain
its position on this path subsequently.

Let us consider a curve γ parameterized by λ

σ : D → R3

λ 7→ col (σ1(λ), σ2(λ), σ3(λ)).

Moreover, the given curve is assumed to be a regular curve,
i.e., a smooth non-intersecting curve. Mathematically, a regular
curve satisfies ∥σ′(λ)∥ ̸= 0 for all λ ∈ D. For all regular
curves, its possible to find a unit-speed parameterization [7].
We assume that the parameterization σ of the curve is a unit
speed parameterization, i.e., ∥σ′(λ)∥ = 1. Next, we consider
the following technical assumption [21].

Assumption 2. The curve γ ⊂ R3 is one-dimensional em-
bedded submanifold3. For an open set V , a smooth function

2note that the argument t is dropped for notational simplicity
3Informally, a non-self-intersecting curve is an embedded submani-

fold.

s : V ⊂ R3 → R2 exists such that γ = s−1(0) with
rank (dsy) = 2, for all y ∈ γ.

Since γ = s−1(0), for the cable-suspended UAV system (2),
the zero-level representation of the path is given as

γ := s−1(0) =
{
y ∈ R3 : s1(y) = s2(y) = 0

}
.

Informally, the above assumption restricts the choice of paths
to non-self intersecting smooth curves.

Problem 1. Consider the system (2) and a given curve γ
satisfying Assumption 1 and Assumption 2, respectively, design
a dynamic smooth feedback-control law

ż = A(x, z) + B(x, z)u[
τ
ut

]
= C(x, z) +D(x, z)u,

(4)

where u ∈ R4 and z ∈ Rk, such that if the UAV system with
the point-mass load initializes in the neighbourhood U ×V ⊂
R18×Rk and γ ⊂ h(U), the system meets the below-mentioned
goals:
G1 for any initial condition (x(0), z(0)) ∈ U ×V , the output

of the system asymptotically approaches the path, i.e.,
∥h(x(t))∥γ → 0, as t→ ∞;

G2 the curve γ := s−1(0) achieves path invariance, for all
t ≥ 0;

G3 on the curve γ, the point-mass and the UAV meet
auxiliary application-specific requirements such as point
stabilization of the payload or the speed along the curve.

IV. DYNAMIC CONTROL DESIGN

For a UAV system with a cable-suspended payload, our goal
is to control the payload position xℓ and UAV heading ψ.
Therefore, we define the augmented-output of (2) as

ȳ := h̄(xℓ, ψ) = h̄(x1, x2, x3, x15) ∈ R4. (5)

Next, we demonstrate that, for any smooth function of the
augmented output space (5), the system (2) does not possess
a well-defined vector relative degree, see Definition VIII.1. To
be precise, let αi : R3 → R, xℓ 7→ αi(xℓ) for i ∈ {1, 2, 3}
be smooth real-valued functions and α4 : R4 → R, (xℓ, ψ) 7→
α4(xℓ, ψ) be another smooth real-valued function. To this end,
we construct a virtual output function as

ȳ = col
(
α1(xℓ), α2(xℓ), α3(xℓ), α4(xℓ, ψ)

)
. (6)

The following result shows that there does not exist any
smooth function of the form ȳ in R4 that would guarantee
a well-defined relative degree of the system.

Lemma IV.1. System (2) with the output function (6) does not
achieve a well-defined vector relative degree for any x ∈ R18.

Intuitively, the singular decoupling matrix in Lemma IV.1
corresponds to the vanishing flow of the output vector ȳ in
the direction of the vector field ḡ1. The invertibility of the
decoupling matrix can be achieved by dynamic extension [10].
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Let ut = z1, ż1 = z2, and ż2 = ud, where ud is our new
control input obtained with the help of two integrators, i.e.,

ż1 = z2

ż2 = ud.
(7)

Let u = col(u1, u2, u3, u4) := col(τ1, τ2, τ3, ut). The dynamic
extension leads to the following extended system:

ẋℓ = vℓ

v̇ℓ = − T

mℓL
(xℓ − xq)− gb3

ẋq = vq

v̇q =
z1
mq

Rb3 − gb3 +
T

mqL
(xℓ − xq)

Φ̇ =MΩ

Ω̇ = J−1 (τ − (Ω× JΩ))

ż1 = z2

ż2 = ud.

(8)

To simplify notation, we do not distinguish among the states
of system (2) and the states of the controller (7), i.e.,
(x1, . . . , x18) and (z1, z2). Let x19 := z1 and x20 := z2.
Thus, for the extended system (8), the state vector is defined
as x := col(xℓ, vℓ, xq, vq,Φ,Ω, z1, z2) = col(x1, . . . , x20) ∈
R20. Let

f(x) := col

(
vℓ,−

T

mℓL
(xℓ − xq)− gb3, vq,

z1
mq

Rb3 − gb3+

T

mqL
(xℓ − xq) ,MΩ, J−1 − (Ω× JΩ), 0, 0

)
,

g1(x) := col
(
015,

1
Jx
, 04

)
, g2(x) := col

(
016,

1
Jy
, 03

)
,

g3(x) := col
(
017,

1
Jz
, 02

)
, and g4(x) := col (019, 1) in R20,

be smooth vector fields, then the extended system (8) can be
expressed compactly in the control-affine form

ẋ = f(x) +

4∑
i=1

gi(x)ui. (9)

To achieve the first two objectives of the path following
problem, i.e., G1 and G2, we employ the zero-level set form
of the desired path γ and write[

α1(x)
α2(x)

]
:= s ◦ h(x) =

[
s1 ◦ h(x)
s2 ◦ h(x)

]
, (10)

so that ∂αi

∂xj
= 0, for i ∈ {1, 2}, and j ∈ {4, 5, . . . , 18}.

Informally, the smooth functions α1 and α2 depend only
on xℓ. Next, we lift the desired path γ to the UAV with
payload system’s state space. As a consequence, we obtain
a submanifold of R20, i.e.,

Γ :=
{
x ∈ R20 : s1(h(x)) = s2(h(x)) = 0

}
.

As the system states x ∈ R20 converge to the lifted set Γ, the
point-mass position xℓ asymptotically reaches the given path
γ. It must be noted that the set Γ is not an invariant set for the
system (8), therefore, even if the states converge to this set,
they may leave afterwards. Now, we seek the largest invariant

set contained inside Γ and name it as the path following
manifold [9].

Definition IV.2. For a desired path γ, the path-following man-
ifold Γ⋆ of (8) is the maximal controlled invariant submanifold
contained in the lift of γ. Furthermore, Γ⋆ ⊂ Γ and Γ⋆ ̸= ∅.

We can apply the zero dynamics algorithm to determine the
path following manifold, which is given by

Γ⋆ =
{
x ∈ R20 :αi(x) = . . . = α

(6)
i (x) = 0,∀i ∈ {1, 2}

}
.

Intuitively, the path following manifold Γ⋆ consists of all
maneuvers of the system under consideration such that there
exists an input signal that makes the set Γ⋆ invariant. Next,
we present two results to establish the stability of the path
following manifold Γ⋆ .

Lemma IV.3 ( [21]). For three linearly independent vectors
v1,v2, and v3 all in R3, ⟨v1, (v2 × v3)⟩ ≠ 0.

Given σ and αi defined in Section III and Section IV,
respectively, let dxℓ

αi := col(∂αi

∂x1
, ∂αi

∂x2
, ∂αi

∂x3
), for i ∈ {1, 2},

and let σ′ := col(∂σ1

∂λ ,
∂σ2

∂λ ,
∂σ3

∂λ ).

Lemma IV.4 ( [25]). Given two smooth maps α1 and α2, as
defined in (10), span{dxℓ

α1, dxℓ
α2, σ

′} = R3 for all xℓ ∈ γ.

Proof. For proof, see Appendix VIII-A.

To solve the path following problem, we need to select four
functions in the output space. Two of these functions, i.e., α1

and α2 have already been defined in (10) and will help us
achieve the goals G1 and G2 of the path following problem.
To meet G3, we define another function α3 in the output space
by exploiting the parametric representation of the given curve
γ. Let N (γ) ⊂ R3 be an open set containing the path γ such
that given an element y ∈ N (γ), a unique y⋆ ∈ γ exists that
it satisfies ∥y∥γ = ∥y − y⋆∥. Next, we define a smooth map:

ϖ : N (γ) → D
y 7→ arg inf

λ∈D
∥y − σ(λ)∥. (11)

This definition leads to the map α3, which is given as

α3 := ϖ ◦ h : R18 → R. (12)

Finally, we select the fourth function to control the UAV’s
heading, i.e.,

α4 : R4 → R
(xℓ, ψ) 7→ α4(xℓ, ψ),

(13)

such that α4 is smooth and ∂ψ(α4) ̸= 0, for all x ∈ R20. In
summary, given α1 and α2 satisfying Lemma IV.4, α3 defined
in (12), and α4 defined in (13), we construct a refined virtual
output function

y =


α1(x)
α2(x)
α3(x)

α4(xℓ, ψ)

 =


s1 ◦ h(x)
s2 ◦ h(x)
ϖ ◦ h(x)
α4(xℓ, ψ)

 . (14)

Next, we determine the vector relative degree [26, Def. 9.15]
of the UAV system and the cable-suspended payload.
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Theorem IV.5. Given the system model in (9) and a path
satisfying Assumption 1 and Assumption 2, respectively, and
a virtual output function given in (14), the system has a well-
defined vector relative degree {6, 6, 6, 2} everywhere on the
set Γ⋆ ∩

{
x ∈ R20 : x19 ̸= 0, cos(x13) ̸= 0, cos(x14) ̸= 0

}
.

Proof. Let us consider an x⋆ ∈ Γ⋆ and determine the path
parameter λ⋆ ∈ D such that it satisfies h(x⋆) = σ(λ⋆). It
follows from Definition IV.2 that Γ⋆ ⊆ Γ and the output h(x⋆)
is on the assigned curve γ. To determine the vector relative
degree, we need to show that for each x in a neighbourhood
of x⋆

LgiL
j
fαk(x) ≡ 0, Lgiα4(x) ≡ 0,

for i ∈ {1, 2, . . . , 4}, j ∈ {0, 1, . . . , 4}, k ∈ {1, 2, 3} and the
4× 4 decoupling matrix

D(x) =


Lg1L

5
fα1(x) . . . Lg4L

5
fα1(x)

Lg1L
5
fα2(x) . . . Lg4L

5
fα2(x)

Lg1L
5
fα3(x) . . . Lg4L

5
fα3(x)

Lg1Lfα4(x) . . . Lg4Lfα4(x)

 , (15)

is full rank. Direct calculation of Lie derivatives yield

LgiL
j
fαk(x) = 0, Lgiα4(x) = 0.

To demonstrate the invertibility of the decoupling matrix, we
derive its determinant, which can be simplified as

det(D(x)) =

(
T 3x219 cos(x13)

det(J)L3m3
ℓm

3
q cos(x14)

)
(∂ψα4)

⟨dxℓ
α1, (dxℓ

α2 × σ′)⟩.
(16)

The matrix D(x) is singular when either the numerator of (16)
is zero or the denominator is unbounded. Note that the
determinant of the diagonal inertia matrix J is finite since
all the parameters on its diagonal are finite. Moreover, mq

and mℓ are the mass of UAV and payload, respectively, which
are finite positive constants. By Assumption 1, cable tension
T ̸= 0. The term cos(x14) is bounded and is therefore finite;
the physical parameter L, which is the length of cable, is
non-zero. By Lemma IV.4, the span{dxℓ

α1, dxℓ
α2, σ

′} =
R3. By Lemma IV.3, ⟨dxℓ

α1, (dxℓ
α2 × σ′)⟩ ≠ 0. Fur-

thermore, by definition, ∂ψα4 ̸= 0. As a result,
we have shown that det(D(x)) ̸= 0, for all x⋆ ∈
Γ⋆ ∩

{
x ∈ R20 : x19 ̸= 0, cos(x13) ̸= 0, cos(x14) ̸= 0

}
, and

the given system (9) exhibits a well-defined vector relative
degree equal to {6, 6, 6, 2}.

The above result leads to a coordinate transformation that
converts the given system to an exact linear form.

Corollary IV.6. Let x⋆ ∈ Γ⋆\{x ∈ R20 : x13 = x14 =
±π/2, x19 = 0}. There exists a neighbourhood U ⊂ R20

containing x⋆ such that the coordinate transformation T :
U ⊂ R20 → T (U) ⊂ R20, defined by

ξi
ζi
ηi
µj

 = T (x) =


Li−1
f α1(x)

Li−1
f α2(x)

Li−1
f α3(x)

Lj−1
f α4(x)

 , (17)

for i ∈ {1, 2, . . . , 6} and j ∈ {1, 2} is a diffeomorphism.

Proof. Proof omitted due to space limitations. For details,
see [24].

The diffeomorphism T from Corollary IV.6 allows us to
express the system in term of transformed states (ξ, ζ, η, µ) ∈
R20 using the feedback transformation

u1
u2
u3
u4

 := D−1(x)



−L6

fα1

−L6
fα2

−L6
fα3

−L2
fα4

+


vξ

vζ

vη

vµ


 , (18)

where (vξ, vζ , vη, vµ) are auxiliary control inputs. By Theo-
rem IV.5, this controller (18) is well-defined in a neighbour-
hood of every x⋆ ∈ Γ\{x ∈ R20 : x13 = x14 = ±90◦}. This
means that in a neighbourhood of the path γ, the quadrotor
system with the cable-suspended payload (8) is reduced to four
decoupled chain of integrators.

ξ̇1 = ξ2 ζ̇1 = ζ2 η̇1 = η2 µ̇1 = µ2

ξ̇2 = ξ3 ζ̇2 = ζ3 η̇2 = η3 µ̇2 = vµ.
...

...
...

ξ̇6 = vξ ζ̇6 = vζ η̇6 = vη

(19)

The above system consists of four decoupled linear time
invariant (LTI) systems and any linear control technique can be
used to stabilize (19). We call the first chain of integrators ξ-
subsystem, the second chain of integrators ζ-subsystem, the
third chain of integrators η-subsystem and fourth chain of
integrators µ-subsystem. The output (14) is a flat output [21]
for the quadrotor system with a load (8) because these outputs
transform the system to a fully linear system. The linear form
of the system in the transformed coordinates simplifies the
design of path following controllers. It is intuitive to see that,
in order to bring the system on the set Γ, we exponentially
stabilize ξ- and ζ-subsystem by the following controllers:

vξ =

6∑
i=1

kξi ξi, and vζ =

6∑
i=1

kζi ζi, (20)

with appropriate values of gains kξi , and kζi , which can be
determined by pole placement or similar other LTI system
techniques. When all the ξ and ζ states are zero, the system
converges to the path, i.e., G1 and G2 are satisfied and path
invariance is achieved.

To fulfill the objective of making the cable-suspended load
stop along the path, controlling the speed of the suspended
load along the curve, or forcing the cable-suspended load to
follow a given acceleration profile, jerk and high derivatives
along the curve, we design the linear controller of the form

vη =

6∑
i=1

kηi (ηi − ηrefi ), (21)

where the gain kηi can be determined using pole placement or
similar linear control techniques.

It should be noted that η1 specifies the position of the
payload along the path. By selecting ηref1 as the target value,
point stabilization of the suspended load along the path is
achieved. By setting kη1 = 0, and selecting ηref2 as the target
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TABLE I
SYSTEM PARAMETERS

Description Physical value

mass of the quadrotor mq 0.85 kg
mass of the payload mℓ 0.13 kg
inertia of the quadrotor J = diag(Jx, Jy , Jz) (0.01,0.0082,0.0148) kg.m2

maximum payload capacity 0.3 kg

velocity profile, the suspended load follows the desired profile
along the curve. Similarly, by selecting kη1 = kη2 = 0, and
setting ηref3 to the reference acceleration profile, the suspended
payload follows the desired profile. In other words, the linear
controller given by (21) satisfies G3.

The heading angle of the quadrotor ψ can be controlled by
designing a similar linear controller for the µ-subsystem

vµ = kµ1 (µ1 − µref1 ) + kµ2µ2, (22)

where the gains can be selected using linear control tech-
niques. This controller allows to achieve a given reference
profile for the yaw angle, and as a consequence, the closed-
loop system achieves objective G3. In summary, the coor-
dinate and feedback transformations (17), (18) convert the
system (8) into an exact linear form, and the auxiliary linear
controllers (20), (21), and (22) satisfy G1-G3, and hence, path
following problem is solved. The overall control scheme is
shown in Figure 2.

V. SIMULATION RESULTS

This section discusses the path following simulation results
for non-closed curves in the presence of additive white Gaus-
sian noise and parametric uncertainty. To make the simulation
realistic, we selected system parameters to match an actual
drone, as shown in Table I. A cable length of 1m is used in
the simulation scenario. Parametric uncertainties are assumed
to be 10% in the measurement of the quadrotor’s inertia
matrix [10]. On the other hand, we assume that the uncertainty
in the measurement of the two masses, i.e., mq , mℓ and the
cable length L is only 1% since these values can be measured
precisely.

Given a non-closed regular curve λ 7→ col(λ, sin(λ), 10),
the goal is to follow it with a speed of 1 m/sec. The
corresponding output function can be constructed as

y = col
(
x2 − sinx1, x3 − 10, x1, x15 − π

4

)
. (23)

The initial position of the load in this scenario is considered
as xℓ(0) = col(0,−10.1, 10), As shown in Figure 3, the
load converges to the path. It can be seen in the figure
that the quadrotor undergoes large rotations about the roll
and pitch axis to force the load to approach the desired
path γ and then maintains the load position on the desired
path. Mathematically, the path following manifold Γ⋆ achieves
stability, i.e., ξ- and ζ states converge4. The transformed states
η and µ are shown in Figure 4, As seen in the figure, η2 reaches
the target value, while η1 evolves in an unconstrained manner.

4These plots are not shown due to space limitations. For details,
please refer to [24].

The remaining states of the η-subsystem approach zero. It can
be observed that η6 exhibits sensitivity to additive sensor noise
since it is computed by repeated differentiation of the load
position. We underscore that irrespective of the noise in η6,
the load follows the path very precisely. Moreover, as seen in
the second plot in Figure 4, the µ1-state reaches the desired
heading value, and µ2 converges to zero. The simulation code
is available online5.

VI. EXPERIMENTAL RESULTS

In this section, we implement the proposed controller to
assess its performance on a real cable-suspended aerial robotic
platform, i.e., QDrone6. The experimental setup consists of a
flying arena, a camera system, a UAV with a cable-suspended
load, a ground station, and a WiFi router, as shown in Figure 5.
The UAV used in this experimental work is a drone manufac-
tured by Quanser, called QDrone. The physical dimensions of
the Quanser QDrone UAV are 40 × 40 × 15 cm, and the cable
length for this experiment is 40 cm. The rest of the parameters
are shown in Table I.

In this experimental study, the goal is to follow the given
path, a circle with a radius of 1m at 0.3m above ground level.
When the experiment begins, the initial position of the UAV
and the cable-suspended payload is on the ground with no
tension in the cable. To ensure Assumption 1 is satisfied, the
UAV ascends to a height such that the payload lifts off from
the ground and the cable tension becomes non-zero. The load
swing is considerably reduced before invoking our proposed
path following controller. Figure 6 shows both the position
of the UAV and the payload during the flight. Once the path
following controller is enabled, first, the payload converges to
the path and then traverses it. The controller gains are selected
using classical control design methods and then carefully fine-
tuned on the experimental hardware. For numerical values
of the gains, please refer to [24]. At the termination of the
mission, the autonomous landing mode of the quadrotor is
activated.

A small error can be observed between the payload and the
given path due to the presence of noise and state estimation
error. The error in the x, y plane and z direction are shown
separately in Figure 7. The error is initially large since the
UAV and the payload is on the ground. After around 7 seconds,
our proposed path following controller takes over, leading to
a steady reduction in error. It can be seen from the figure that
the controller performance is satisfactory in the presence of
noise and delay inherent to the experimental setup.

Next, Figure 8 shows the control input generated by Quanser
Qdrone. For the QDrone used in this experiment, the thrust and
torque limits are 16 N and 0.8 N-m, respectively. It is clear
from the figure that the actuation limits of the UAV system
never exceed throughout the mission. We want to highlight
that the proposed controller is enabled around 7 sec after the
start of the mission. Hence, the results presented in this section
are valid after that time.

5https://gitlab.com/a5akhtar/quadrotor-load-path-following.git
6https://www.quanser.com/products/qdrone/
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Fig. 2. The overall system architecture for the proposed controller design with the non-linear coordinate transformation.

Fig. 3. The position of the UAV and the payload for a non-closed path.
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Fig. 4. Trajectories of η states and µ states in the presence of sensor
noise and parametric uncertainties when following a non-closed curve.

VII. CONCLUSION

This paper considers the path following problem for a UAV
quadrotor tethered to a load through an inelastic cable. A
novel smooth dynamic feedback controller is proposed for a
large class of embedded curves. The path following controller
designed in this work has two distinguishing features: a)
payload converges to the given path and attains path invari-
ance; b) constraints on payload motion and orientation are
satisfied while it follows the assigned path. The proposed
path following control law is validated using both numerical
simulations and real-world experiments.

Fig. 5. An experimental setup based on the Quanser QDrone system.

Fig. 6. Position of the payload and Quanser UAV in an indoor flight
arena while following a circular path.

VIII. APPENDIX

A. Proof of Lemma IV.4
Proof. First, we prove that the vectors dχα1, dχα2, σ

′ are not
null vectors. Since, the curve is regular, σ′ ̸= 0. Moreover,
Assumption 2 implies that for all y ∈ γ, dsy is not rank
deficient. As dhx = I , chain rule can be used to show that
for all χ⋆ ∈ Γ, dχα is full rank. As dχα1, dχα2 are non-zero
gradient vectors are gradient vectors and σ′ is a tangent vector,
this implies that span{dχα1, dχα2, σ

′} = R3. This concludes
the proof.

B. Definition of Vector Relative Degree
Definition VIII.1. Given a time-invariant, control-affine sys-
tem with input vector u := [u1, . . . , um]⊤ ∈ Rm and output

7



0 10 20 30 40 50

-0.5

0

0.5

1

0 10 20 30 40 50

-0.2

-0.1

0

0.1

0.2

Fig. 7. Path following error in xy-plane and z-axis are shown in the
figure.
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Fig. 8. Thrust control input ut and control torques τp, τq , τr generated
by the Quanser QDrone while following the assigned path.

vector y := [y1, . . . , ym]⊤ ∈ Rm and consider smooth
functions f : Rn → Rn, gi : Rn → Rn and h : Rn → Rm
such that

ẋ = f(x) +

m∑
i=1

gi(x)ui := f(x) + g(x)u, (24)

and consider a smooth map,

y = h(x) =

 h1(x)
...

hm(x)

 , for all y ∈ Rm, (25)

which is the output of the system. We can define an m ×m
decoupling matrix,

A(x) :=


Lg1L

r1−1
f h1(x) · · · LgmL

r1−1
f h1(x)

Lg1L
r2−1
f h2(x) · · · LgmL

r2−1
f h2(x)

...
. . .

...
Lg1L

rm−1
f hm(x) · · · LgmL

rm−1
f hm(x)

 .
(26)

The given system achieves a vector relative degree of
{r1, . . . , rm} at a point x0 if

1) LgjL
k
fhi(x) = 0, for all i ∈ {1, 2, . . . ,m}, for all j ∈

{1, 2, . . . ,m} , for all k < ri − 1, and for all x in a
neighborhood of x0.

2) The decoupling matrix A(x) is non-singular at x = x0.
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